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0. Introduction 

One of the fundamental problems in real algebraic geometry concerns the solu- 
tions of systems of real algebraic equations. Since, in general, even the existence 
of real solutions is not guaranteed, it is important to find a priori lower bounds for 
the number of these solutions. 

In the last years several important developments have taken place in this direc- 
tion, which are related to problems in enumerative geometry DeKJ, [IKS , [FKJ, 
[Wlj , |W2| , |OT2j , or to the study of certain polynomial systems which often have 
interesting applications [EGlj . |EG2| . [SSj . In many cases these lower bounds 
are provided by the degrees of certain maps, for instance central projections of 
projective submanifolds [EGlj . |EG2| . [So] . (SSj . For a projective m-dimensional 
submanifold X C P,^ -1 , and a central projection n : P,^ -1 — ■ > P™ whose center 
does not intersect X, we get a finite map tt\ x : X — > P™ whose degree with respect 
to complex orientations coincides with the number of points of a fibre (tt\x) ~ 1 (p) 
if multiplicities are taken into account. Note that this fibre can be regarded as the 
set of solutions of a system of homogeneous algebraic equations. This degree can 
also be identified with the number of points of the intersection X n H for a gen- 
eral codimension N — n projective subspace H C P^ ; hence it is cohomologically 
determined and independent of the choice of the central projection it (as long as 
its center does not intersect X). This is an important example which illustrates 
the general principle of conservation of numbers. It is well known that this prin- 
ciple does not hold in real algebraic geometry. One of the goals of this article is 
to show that in real geometry, this principle should be replaced by a wall cross- 
ing formula. Such wall crossing formulae play an important role in gauge theory 
[DoK] [OTTj . but apparently the wall crossing phenomenon (jump of an invariant 
in a well controlled way) has not been studied until now in real algebraic geometry. 
The general principle of wall crossing is very simple: one has a parameter space V 
which parameterizes a certain class of maps, and a wall W C V of bad maps. If 
certain conditions are fulfilled, one can define a degree map 

deg : tt (V\ W) ->Z 

which associates to any chamber C € ^(T^W) an integer. A wall crossing formula 
computes the difference deg(C+) — deg(C_) between the integers associated to two 
adjacent chambers. In this article we will prove such a wall crossing formula for 
the space of central projections restricted to a submanifold X of a real projective 
space, which is not necessarily algebraic. The crucial assumption on the class of 
maps we consider is relative orientability, a condition which allows us to define a 
Z-valued degree map in a coherent way. This wall crossing phenomenon for real 
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central projections P(V) D X — > ¥(W) pointed out by our result is in striking 
contrast to the invariance of the degree of a section in a relatively oriented vector 
bundle (see |OT2] ) . We describe now briefly the results of this article: 

In the first section we introduce the important notion of relative orientation of a 
map between topological manifolds, and we define the degree of a relatively oriented 
map between closed manifolds of the same dimension. For relatively orientable maps 
/ (so for maps which can be relatively oriented, but have not been endowed with 
a relative orientation) one can define the absolute degree |/|, which is similar to 
Kronecker's concept of characteristic. In the differentiable case the degree of a 
relatively oriented map can be computed using the local degrees at the points of a 
finite fibre. The special case of a Real finite holomorphic map / : X —> Y between 
Real complex manifolds of the same dimension is particularly important. If the 
restriction 

f(R) : X(R) ->■ Y{R) 

is relatively orientable, then there are fundamental estimates and comparison for- 
mulae for the sum of the multiplicities of the points of a real fibre /(M) _1 (?/), 
V G Y(R): 

|deg|(/(M)) < ]T mulW(K) < deg(/) , 

|deg|(/(K)) = ]T mulW(K) = dcg(/) (mod 2) . 

In the second section we study central projections. Let V, W be real vector 
spaces, / e Hom(V, W) and 

[/] : P(V) \ P(ker(/)) -> P(W) 

the induced morphism. Let X C P(V) be a compact submanifold with dim(X) = 
dim(V(W)) and X n P(ker(/)) = 0. The induced map 

[f]x : X ->■ P(W) 

is relatively orientable if and only if 

Wl (X) = (dim(X) + l)w 1 (\ v ^ x ) , 

where \y,x '■= \x denotes the restriction to X of the tautological line bundle 
Ay of P(V). It follows in particular that the relative orientability of such central 
projections [f]x is independent of /. 

The tensor product T x ®\v,x can be written as Y x /Xv,x, where Y x is a subbun- 
dle of the trivial bundle V x := X x V. With this definition we obtain a canonical 
identification 

T x =Kom(\ v , x Y x/ Xvx ) . 

The data of a relative orientation of a map / £ Hom(V, W) with XnP(ker(/)) = 
is equivalent to the data of a bundle isomorphism 

/i : X x det(W) -» det(Yx) . 

In our situation the space V parameterizing the relevant maps is the vector space 
Hom(V, W), and the wall associated with the submanifold X c P(V) is: 

Wx := {/ G Hom(V, W)\ X D P(ker(/)) ^ 0} . 
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A point fo G Wx on the wall is called regular when fo is surjective, the intersec- 
tion X n P(ker(/ )) consists only of one point £ 7 an d ker(/ ) n Y^ — £ - Let W x 
be the subspace of regular points in Wx ■ Our first result in section [2] shows that 
the wall Wx C Hom(V, W) is a smooth hypersurface in all regular points fo G W x 
and identifies the normal line Ny^o j with Hom(det(Y^ ), det(W / )) via a canonical 
isomorphism 

H ■ N W x ,h -> Hom(det(y eo ),det(W)) . 
This shows that the choice of an orientation parameter /j, ; X x det(VF) — > det(Yx) 
serves a second, completely different purpose: fi^ o : det(Y^ ) — > det(W) defines a 
generator of the normal line N w o j for every fo G W x with ker(/ ) n Y^ = £q. 



The main result in this section is the wall crossing formula (see Theorem 20 ) 



Theorem (Wall-crossing formula) Let fo G W x be a regular point on the wall 
with ker(/o) fl Yj = £o- Consider a smooth map 

f:N w o xJo ^Rom(V,W) 

whose differential f*.o * s o, right splitting of the exact sequence 

-> T W° x Jo ~* T Kom(V,W)J -> N W° X J ~* • 

Then for every sufficiently small r G No \ {0} we have: 

(1) f(r) G Hom(V,PF) \ Wx o,nd [f(r)]x is a local diffeomorphism at £o- 

(2) The local degree of [f(r)]x oi £o *s 

deg„( f ( r)>p ) )fo ([f(r)]x) = sign(Ms o (</>/„ (r))) . 
6?J deg I/(f(T))([l) ([f(r)]x) - deg I/(f( _ r)ip)i ([f(-T)] x ) = 2sign(// Co o (V>/ (t))). 

As a consequence we obtain a general formula which computes the degree differ- 
ence deg„ (gii/j) ([ 5l ] x )-deg i/(go,n)([do]x) for a smooth path (g t )te[o,i] m Hom(V, W) 
with go, gi G Hom(V, W)\Wx, which intersects the wall Wx only in regular points 
with transversal intersection. 

The third result in section [2] describes the irregular locus Wx \ W x of the wall. 
We show that Wx \ W x is closed and its complement in Hom(V, W) is connected, 
so that any two points g , g\ G Hom(y, W) \ Wx can be connected by a smooth 
path (fft)tg [0,1] which intersects Wx only along W x with transversal intersection. 
In other words, the difference deg„( Sli/l) ([gi]x) - deg^^^olx) can always be 
computed by our difference formula. 

In the third section we discuss examples. First we describe a large class of im- 
portant Real complex manifolds, the so called conjugation manifolds HHPJ, for 
which the orientability of /(K) can be easily checked. This class contains Grass- 
mann manifolds and toric manifolds with their standard Real structures. Then we 
discuss Wronski projections, the universal pole placement map, and a real subspace 
problem. Note that in many interesting situations one has a canonical relative ori- 
entation of the considered projections. In these situations one obtains canonical 
signs corresponding to the points of a regular fibre. 

1. Degrees of real maps 



By topological manifold we always mean a topological manifold which is Haus- 
dorff and paracompact. 
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Let M be an n-dimensional topological manifold, and Om its orientation sheaf; 
for every point m e M we have 

M , m ■= H n (M, M \ {m},Z) . 

Note that for every locally constant sheaf £ on M and for every open neighborhood 
U of m one has canonical identifications 

H n (M,M\{m},0 = H n (U,U\{m},£\ u )=H n (U,U\{m},U) = 
= H n (M, M \ {m}, U) = o M ,m ® Cm , 

and 

H n (M, M \ {m}, = ff"(t/, £/ \ {m}, Cb) = [/ \ {m}, £ m ) = 

= H n (M, M \ {m}, £ m ) = Hom(o M , m , U) ■ 
Suppose now that M is connected and closed. The canonical fundamental class of 
M in cohomology is the canonical generator {M} of H n (M 1 Om)', for every m € A'/ 
this class can be written as 

{M} = j m (c m ) 

where j m : H*(M,M \ {m},Oj|) — > H*(M,Om) is the natural morphism, and 
c TO = ido M m is the canonical generator of H n (M, M \ {m}, Om)- 

Similarly, the canonical class of M in homology is the class [M] e H n (M,OM) 
whose image in H n (M, M \ {to},Om) is the canonical generator of this group for 
every m € M. 

Definition 1. Let M , N be differ -entiable manifolds, and g : M — > N a continuous 
map. A relative orientation of g is an isomorphism v : g* (o n) — > Om- A relatively 
oriented map is a pair (g,f), where v is a relative orientation of g. A continuous 
map g : M — > N is called relatively orientable if it admits a relative orientation. 

Since w\ classifies real line bundles on paracompact spaces, we obtain: 

Remark 2. A continuous map g : M — > N between differ entiable manifolds is 
relatively orientable if and only if g* (w\{T N )) = wi(T M )- 

Remark 3. If H 1 (M,Z 2 ) = 0, then any continous map g : M N is relatively 
orientable. In particular any map g : S n — > N (n > 2) is relatively orientable. 

Note that if dim(M) = dim(7V) =: n and (g, v) is a relatively oriented differen- 
tiable map M — >• N between closed connected manifolds, one can define the degree 
deg„(<?) by the formula 

(1) deg„(g){M} = M9*({N})) - 

If one just knows that g is relatively orientable, but did not fix a relative orien- 
tation of it, one can still define the absolute degree |deg|(g) of g by 

|deg|(s) := Ideg^Cg)! 

for any relative orientation v of g. 

Let x € M be an isolated point in the fibre over its image y := g(x), and choose 
charts h : (U,x) — > (U',0) C (M n ,0), k : (V,y) (V',0) C (R",0) such that the 
orientations of T X M, T y N defined by the two charts correspond via v x . Then we 
define 

deg^Cs) := deg (fc o g o h~ x ) , 
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where the right hand term is computed with respect to the standard orientation of 
K™. This degree can be defined in an intrinsic way using the map 

g x : (U,U\{x})^(N,N\{y}) 

(which is well defined when U is sufficiently small) and writing 

( 2 ) v x (e x g*(cy)) = &eg„ x {g)c x , 

where e x : H n (U,U\ {x},o y ) — > H n (M,M \ {x},o y ) is the isomorphism defined 
by excision. 

Proposition 4. Let M , N be closed connected n-manifolds, g : M — » N a smooth 
map, v : g* (On) — > Om a relative orientation, and y <E N a point with g^ 1 (y) finite. 
Then 

(3) deg„(g) = de §^x(5) • 

Proof. Write {N} = j y (c y ), where c y € H n (N, N \ {y}, On) is the canonical gener- 
ator. One gets a pull-back class 

g*(c y ) G H n (M,M\g-\y),g'(o N )) , 

and g*({N}) can be written as 

g*({N}) = J M , y (9*(c y )) , 

where Jm, v ■ H n (M ', M \ g^ 1 (y) , g* (o n)) -> H n (M , g* (o at)) is the canonical map. 
For every x G g~ 1 (y) let U x be an open neighborhood of x such that U xl tlU X2 = 

for x x ± x 2 . Put U := LUs^fe) U *> denote by 9* : ( U *> U * \ ^( N > N \ iv}) 
the restriction of </, and note that the inlcusion U M induces an isomorphism 

H n (U, U \ g-^y), G^)*^)) -> iP(M, M \ ^(j/), <?*(c^)) , 
by excision. We denote by 

Jv, v ■ H n (U, U \ g-^y), (g\uT(o N )) -► H n (M,g*(a N )) 
the composition of Ju,y with this isomorphism. One has an obvious isomorphism 
H n (U,U\g- 1 (y),(g lu r(o N ))^ H n (U x ,U x \ {x},o y ) 

xeg- 1 (x) 

and the restriction of Ju. y to a summand H n (U x , U x \ {x},o y ) is the composition 
jx ° e x of the isomorphism e x : H n (U x , U x \ {x}, o y ) — > H n (M, M \ {x}, o y ) with 
the canonical map J x : H*(M,M \ {x},o y ) — >• H* (M ', g* (p n)) ■ Therefore 

V 9*{{N}) = vJu,y{{g\u)*{cy)) = vJu,y( E 9x( c y)) = "( E J * oe * (^( c >/))) 
= v x°Jx°e x (g* x {c y )) = Y jx°v x oe x (g* x (c y )) = ^ de S^, x (g)jx(c x ) 

^eg- 1 (y) x<=g- 1 {y) x£g- 1 (y) 

= { E deg^( ff )}{M}. 

ze9 _1 (y) 

by (§. ■ 

Proposition 5. Let X, 1" be compact complex manifolds endowed with real struc- 
tures, let f : X —¥ Y be a finite Real holomorphic map such that the induced map 
f(R) : X(R) -> F(R) is relatively oriented. Then 
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(1) For any y £ Y"(R) one has 

|deg|(/(K)) < J2 mul WW < de s(/) 

(2) deg(/(M)) = deg(/) mod 2. 

(3) For any y £ Y(R) one has 

deg(/(R))) = mul WW ( mod 2 ) 

Proof. Choose a relative orientation v : /(M)*(oy(t)) - 



(1) For the first inequality note that 

|deg|(/(R)) = | J2 deg^(/(M))| < £ mult, 

xefim-Hv) xe/(R)- 1 (y) 

= ^2 mult,/ . 

*e/(R) -My) 

For the second inequality, note that any point y £ Y(M), we have 

deg(/) = ^2 mvlt x f + ^2 mult,/ = 

xe/(R)-'(i/) *e/-'(v)\*W 

(4) = £ mult,/(R) + £ mult,/ 

*e/(R)-'(i/) xe/-'(v)\A'(R) 
and all the terms on the right are positive. 

(2) Choose a regular value y £ Y(R) of /(R). Then one has deg ViX (f(R)) £ {±1} 
for every x £ f~ l {y) and 

deg(/(R)) = Yl deg^ x (f(R)) = ]T mult x /(R) (mod 2) . 

^6/(R)-*(i/) ane/W-My) 

It sufficies to note that 

mult,/(R) = mult,/ , and mult,/ = (mod 2 ) . 

a;£/-i(3/)\x(R) 

(3) We use (2) and note that, by ([I]) one obviously has 

deg(/) = J2 mul t x /(R) (mod 2) . 

^e/CR)- 1 ^) 



Note that the estimate (I) holds without any transversality assumption on /. A 
statement similar to Proposition [5] holds for Real sections in Real holomorphic vec- 
tor bundles over compact complex manifolds endowed with Real structures |OT2j . 

Proposition 6. Let X be compact complex manifold endowed with real structure, 
and let E — > X be a Real holomorphic vector bundle over X with rk(_E) = dim(X) = 
n. Suppose that the real vector bundle E(R) — > X(R) is relatively orientable, and 
let s be a Real holomorphic section of E with finite zero locus Z(s). Then 
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(1) 

|deg|(£(R)) < J2 mu M s ) < ME), [X]) . 

z£Z(s)nX(R) 

(2) 

|deg|(£;(R)) = <c„(£;),[X]) (mod 2). 

(3) 

|deg|(£(R)) = J2 mult z ( S ) . 

z£Z(s)nX(R) 

2. Wall crossing for degrees of real projections 

2.1. Projections. The wall associated with a submanifold of ¥(V). Let V 
be an TV-dimensional real vector space and let Ay be the tautological line bundle 
on the projective space P(V). By definition, Ay is a line subbundle of the trivial 
bundle V_ := P(V) x V and the tangent bundle T v i v \ can be canonically identified 
with Hom(Ay,Z/Ay) = X v <g> V/X v . 

Let X C P(V) be a compact submanifold of dimension m < N — 1. We denote 
by Tx the tangent bundle of X regarded as a subbundle of the restriction T V ^ V ) \x> 
and by V_ x , Xy,x the restrictions of the bundles V, Ay to X. The tensor product 
Tx ® Xy.x is a subbundle of the quotient bundle V_x/^v.x-, so h can be written 
as Y x /Xv,x, where Y x C 1S the subbundle of defined as the preimage of 
Tx ® Ayx under the epimorphism 

V x ^xL 

—X I Ay.x 

With this definition we obtain a canonical identification 
(5) T x =Rom(\ v , x Y x/ Xvx ) , 

which will play an important role in the following constructions. Note that the 
bundle Yx can be identified with the dual jet bundle [J rl (Ay Js: )] of Xy x - 

Let now W be a real vector space of dimension m + 1. A morphism / e 
Hom(V, W) defines the central projection 

[/] :P(V)\P(ker(/))^P(WO , 

whose restriction to X \ P(ker(/)) will be denoted by [f]x- 

The differential of a central projection [/] can be computed as follows: For a line 
I € P(V) \ P(ker(/)) we have an induced isomorphism 

r f ,i ■■ I -+ f(l) , 

and an induced linear map 

q Ll : V/l ^ W/f(l) . 

Let H' be a linear complement of the line f(l) in W, and note that H := ) 
is a linear complement of I in V. For ip e Hom(^iJ), the [/]-image of the line 
l<p := {v + (p(v)\ v e 1} in P(W) is {/(u) + f(ip(v)) \ v <G Z}, which is the graph of 
/ o ip o rj; 1 . This shows that via the identifications 

T ; (P0O) = Hom(Z,V70 , T f{l) (F(W)) = Eom(f(l),W/f(l)) 
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the differential [/],; at a point I e P(V) \ P(ker(/)) is given by 
(6) [/]*,; (<f) = Qf,i <P°rJj ■ 

The differential of the restriction [f]x is given by the same formula applied to 
tp € Ti{X) = Uom(l,Yi/l). More precisely: 

Remark 7. XTie differential of the restriction [f]x a t I € X \P(kcr(/)) is given by 
the formula: 

(?) = Pf,l ot P° r}} ■ 

where pf j : YJ/i — > W/f(l) is i/ie isomorphism induced by f. 

Remark 8. Let / € X \ P(ker(/)). The following conditions are equivalent: 

(1) [f]x * s a local diffeomorphism at I, 

(2) f-\f{l))r\Y l = l ; 

(3) ker(/)nY] = {0}. 

Proof. Using Remark [7] we see that ([f]x)*i is an isomorphism if and only if the 
restriction of 

q u : V/l W//(0 

to Yj/Z is an isomorphism. Since the kernel of this restriction is [/ _1 (/(0) ^ Yi] /h 
we obtain the equivalence (1)<S=>(2). On the other hand f~ 1 (f(l)) = I + ker(/), 
hence / _1 (/(0) n Y t = (I + ker(/)) n Y. The composition 

ker(/) nY l ^(l + kcr(/)) n Y t -> ( Z + ker (/)) n y ^ 

is surjective because / C YJ, and it is injective since Znker(/) = {0}. Therefore one 
has H YJ = Hf and only if ker(/) n Y x = {0}. 

■ 

In the special case X n P(ker(/)) = we obtain a well-defined smooth map 
: X — > P(W) between compact manifolds of the same dimension. The main 
goal of this section is to study the relative oricntability of such a map and, in the 
relatively orientable case, to study the possible degrees of [f]x for a fixed subman- 
ifold X. 

Since the projection [f]x is defined on all of X if and only if / belongs to the 
open subset 

Hom(V, W) x ■= {/ € Hom(V, W)\ X n P(ker(/)) = 0} , 

it is natural to study the complement of this open set, namely the wall associated 
with X. 

Definition 9. Let X C P(V) be a compact m- dimensional submanifold and let W 
be a real vector space of dimension n := m + 1. The wall associated with X is 
defined by 

W x ■= {/ e Hom(F, W)\ X n P(kcr(/)) ^ 0} . 
^4 point f € Wx is called regular if the following conditions are satisfied: 

(1) dim(ker(/)) = N — n or, equivalently, f is an epimorphism, 

(2) The intersection X n P(ker(/)) has only one point, denoted by £f, 

(3) ker(/)nY ?/ =C/. 

Denote by W x the subspace of regular points of the wall. 
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The following proposition shows that the wall Wx C Hom(V, W) is a smooth hy- 
persurface at any regular point fo and identifies the normal line of this hypersurface 
at fo canonically with a line depending only on the triple (X, W, £/ ). 

Proposition 10. Let X C P(V) be a smooth m- dimensional submanifold. Then: 

(1) The wall Wx C Hom(V, W) is a smooth hypersurface at any regular point 

(2) Denoting X n P(ker(/o)) = {£o} we have a canonical isomorphism 

V>/o : N w o xJo Hom(det(y & ),det(W)) . 
Proof. 1. Consider the incidence varieties 

J := {(/,£, X) G Hom(V, W) x P(V) x G N - n (V)\ £ C if C ker(/)} . 
:= {(f,S,K) G Hom(V,W0 x X x G Ar _ n (F)| £ C K C ker(/)} . 
It's easy to see that J (respectively Jx) is a vector bundle over submanifolds 
of P(V) x Gx-n(V) (respectively X x Gx-n(V)), so it has a natural manifold 
structure. Let q : J' — > Hom(V, IF"), : J7x — > Hom(V, IF) be the projections on 
the first factor, which are obviously proper smooth maps. 
Note that 

(8) W x = qx(Jx) ■ 

One has a canonical identification 

T U\t,K)(J) = {(<P, 0) G Hom(V r , IF) x Hom(£, F/0 x Hom(X, V7tf)| 

Vljf =f°P, P\s = a} , 
where a denotes the composition of a with the natural epimorphism V/£ — > V/lf. 
Via this identification we have ?*(/,£, .r:)(<£, a, /3) = <p, hence 

ker(g. (/iCiJf) ) = {(a,/?) G Hom(£, F/0 x Hom(X, kcr(/)//f)| /% = a} . 

Similarly 

kev((qxUf,s,K)) = {(<*,£) G Hom(£,y £ /0 x Hom(#, ker(/)/JQ| /% = a} . 

Let now f <5 W x be a regular point on the wall, and put K := ker(/ ), 
Co : = £/ - We will show that is an immersion at (/o, £o, Indeed, since we 
have if = ker(/ ), the kernel ker((gx)*(/ ,£ ,if )) can be identified with 

{a G Hom(&,lW&>)| a = 0} - Hom(£ , (K n , 
which vanishes because i£o H lj = £o- Therefore <7x is an immersion at (/o, Co? ^o) 
as claimed. Since the fibre q^ifo) has only one element and qx is proper, it follows 
that qx{U) is a neigborhood of f for every neighborhood U of (/o,£o>ifo) in ,7x- 
This implies that the image Wx = qx{Jx) is a submanifold of Hom(V r , IF) at fo 
whose germ at f can be identified with the germ at {fo,^o,K ) of J x - A simple 
dimension count shows that Wx is a hypersurface at f . 

2. For the second statement of the proposition we will construct a canonical iso- 
morphism 

VVo : N w o xJo -+ Hom(det(Y £o ), det(IF)) 
as the composition Uf o a/ of two canonical isomorphisms: 

a fo ■ N w° x j -> Horn W // (F ?o )) . 
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u f0 : Hom^ , W / /o( y ?o )J -> Hom(det(Y £o ), det(W)) 
We define 

A /o : Hom(y, W) = T /o Hom(F, W) -> Horn ^/ 



by 

(9) A /o (^):=^| So mod/o(y ?0 ) . 

It is easy to see that Af ((p) = if and only if there exists 

(a, /3) G Hom(Co,n o /^o) x Hom(A ,V/^) 

such that ((f,a,P) G T (fo4o>Ko) (J x ), i.e., if and only if ^ G T /o (W£). Hence A /o 
induces a canonical isomorphism ay : N w a j — > Horn W//q(^ d )) as claimed. 

For the construction of w/ we use the exact sequences: 



-> & ^VSo 







o^/ (r 4 j^w^ w / /o(y&) ->o, 

which give standard isomorphisms 

(10) det(y Co )=So®det( y «o/ 6 ) , 

(11) det(W0 - defc(/ (y & )) ® ^// (F eo ) 

Note that one has a second canonical (but non-standard!) isomorphism 

(12) det(W) = W // (y ?o ) ® det(/ (y & )) 



defined by [«;] 5 \-¥ w A (5 (see Remark 11 below), which is more convenient in 



our situation, because the maps we consider here relate the factors of the tensor 



products in (10), (12) respecting the order. 



The isomorphism Uf : Horn \ tjp, ^/f (y^ )) Hom(det(l^ ), det(W)) is de- 



fined via the isomorphisms f/ffl and (12) by 



(13) u fo (o) = a® det(/ ) , 

where fo : ^°/^ ~ ^ /o(^£o) i s the isomorphism induced by /q. 

Note that if one uses the standard isomorphism ( 11 ) for det(W) the correspond- 
ing formula for ut would be 

u fo (a)(v ® S) := (-l) m (<r(«) <8> [det(/ )(5)] . 



Remark 11. Let C &e finite dimensional real vector space. For every subspace 
A <Z C we define the isomorphisms 

u A : det(A) <g> det(C/A) ^> det(C), Uj4 : det(C/A) <g> det(A) det(C) 
ua(5 <£> [c]) = (5 A c , «a([c] <E> S) = c A S . 
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(1) Let 

p : det(A) ® det(C/A) det(C/A) ® A 
be the obvious isomorphism defined by permutation of the factors, and put 
a := dim(A), c := dim(C). Then one has 

v A 1 ou A = {-l) a{c - a ^ . 

(2) Suppose C has an internal direct sum decomposition C = A® B, and let 
a : A -=» C/B, (3 : B -=» C/A be the obvious isomorphisms. Then one has 

det(a) <g> det^)^ 1 = v^ 1 o ua ■ 

In other words, via the isomorphisms u^, v B the tensor product det(a) <g> 
det(/3)~ 1 induces iddet(O) ■ 

2.2. Relative orientations of central projections. Our next goal is to describe 
explicitly the set of relative orientations of a map [f\x associated with a morphism 
/ G Hom(V, W)x- We will obtain an important (and surprising) result: rela- 
tive orientability of a map [f]x depends only on the embedding X C P(V), and 
the set of of relative orientations of [f]x can be canonically identified with a set 
which is intrinsically associated with this embedding, and is independent of the 
choice of / G Hom(V,VF). First we give a simple description of the line bundle 
[f]*(det(T nw) )) on P(V)\P(kcr(/)): 

Let again Ay (respectively \\y) be the tautological line bundle on P(V) (respec- 
tively F(W)). The family of isomorphisms 

{rf,i ■ I -> f(l))iev(v)\v(kev(f) 
defines a line bundle isomorphism 

r f : V |p(V)\P(ker(/)) lf]*(^w) ■ 

Using the canonical isomorphism 

det{T P{w) ) = [A^]®" ® det(W) , 
we obtain a canonical isomorphism 

(14) [/]*( de t(T P(w0 ))-^ MA^|p(v)\P( kBr(/ ))]® n ®det(W) . 

We can prove now 

Lemma 12. Let f G Hom(V, W) x and let [f) x : X -> P(W) be the projection 
induced by f . Then: 

(1) There is a canonical isomorphism 

[f} x (det(T P{w) )) = [X^ x f n ® det(W) . 

(2) The isomorphism class of the line bundle [f]* x (det(T P ( W ))) on X is inde- 
pendent of f G Hom(V, W)x- 

(3) The restriction [f]x ■ X — > P(W) is relatively orientable if and only if 
Wi(X) = n{wi(X v )\ x }. 

(4) The data of an isomorphism 

v : [f}*x(det(T T{w) )) -> det(T x ) 
is equivalent to the data of a line bundle isomorphism 
H-.Xx det(W)-^ det(Yx), 
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hence to the data of a global trivialization of det(Yx) with fibre det(W). 



Proof. The first statement follows by restricting the isomorphism |14j) to X . The 
statements (2) and (3) are direct consequences of (1) whereas (4) follows from (1) 
and the canonical isomorphism 

det(Tx) = K, x ]® n ® det(Yx) 

induced by 



This proves the following important 

Proposition 13. Relative orientability of a map [f]x ■ X — > W(W) defined by 
f £ Hom(V, W)x depends only on the embedding X C P(V), and is independent 
of f . The set of relative orientations of such a map [f]x '■ X — ¥ ¥(W) can be 
canonically identified with the set of connected components of the space of line 
bundle isomorphisms 

fj,:X x det(W)^- det(F x ), 
hence this set is independent of f. 

Definition 14. A bundle isomorphism \i : X x det(VT) -=» det(Yx) will be called 
orientation parameter for projections X — > P(M / ). Given f £ Hom(V r , W)x we 
denote by 

*,(/,/*) := \{r)r n ®n] 
the relative orientation of [f]x associated with orientation parameter fj,. 

Therefore for every orientation parameter fi : X x det(W^) -=> det(Yx) we obtain 
a well defined map 

deg* : Hom(F, W) x = HomfV, W) \ Wx -> Z , 

which obviously descends to a map (denoted by the same symbol): 

deg* : 7r (Hom(V, W) \ W x ) ->• Z 

Inspired by the terminology used in gauge theory we introduce the following 

Definition 15. The connected components o/Hom(V, W)\Wx will be called cham- 
bers. 

In the next section we will focus on the following problem: how can one compare 
the values of the degree map on different chambers. The first step will be a wall- 
crossing formula which computes the jump of the degree map when one crosses 
the wall transversally at a regular point. The main ingredient in proving this wall- 
crossing formula is the following remark which states that, for a given point £o £ X, 
the set of isomorphism det(Y^ ) — > det(W) has two (radically different) geometric 
interpretations : 

Remark 16. Fix £o £ X. The orientation pa ram eter p defines an isomorphism 
Hj* : det(l^ ) —> det(W), which (by Proposition 10) also defines a generator of the 
normal line N w o j for every f £ W x f or which £f = 
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This important remark will play a crucial role in the following section. 

Fix now an orientation parameter fi, and suppose that [f]x is well-defined and 
a local isomorphism at Co e X. By Remark [8] this means that ker(/) n Y^ = {0}. 
We need an explicit formula for the local degree deg^y ^ £ ([f]x)- Using the exact 
sequences 

o -»• Co -► y €o -> y 5n /Co ^0,0^ /(Co) -s- w -> W/ffa) -+ , 

we get canonical isomorphisms 

det(F fo ) = Co®det(F & /Co) , 

(15) det(W) - /(£o) ® det(W// (Co)) ■ 
By Remark [7] the differential 

[/],,& : T ?0 (X) = Homfo, *&/£<>) Hom(/(£ ), WteO) = 2> tto) P(W) 
is given by 

[/]*,fo(v) = P/,£o ° P ° r /i - 
where r/,£ : Co — > /(Co), P/,£ : ^Co/Co — > W-7/(Co) are the obvious isomorphisms 
induced by /. Therefore 

Lemma 17. Let fi be an orientation parameter, and suppose that [f]x is well- 
defined and a local isomorphism at Co £ X. Via the isomorphisms $2.0jf the local 
degree deg^ M ^ ([f] x ) is given by 

(16) deg„ (/iMUo ([/] x ) = sign(/i ?0 o (r/, & ® det(p /i5o ))) . 

We will also need the following simple remark concerning the functoriality of the 
degree map with respect to isomorphisms $ : W — > W . 

Remark 18. Let fi : X x det(W) — > det(Yx) be an orientation parameter, / 6 
Hom(V, W)x and $ : W — > W a vector space isomorphism. Then 

deg^ (/iM odot(<i.)-i)([ $ fix) = deg^ (/ ^)([/]x) ■ 

In particular, ifW = W one has: 

deg^)([$o/] x ) =sign(det($))deg^ (/iAt) ([/]x) . 



We end this section with an example. 



Example: ( Veronese maps) Let W be a real vector space of dimension n > 2, and 
let g : P(W) — > V(W) be a regular real algebraic map. Such a map factorizes as 
.9 = [/] ° Vd, where 

v d : P(W) -> ¥(S d W) 

is the Veronese map of degree d, and / E Hom(S d (W) , W) with P(ker(/))nim(z>d) = 
0. The positive integer d is determined by g and will be called the algebraic degree of 



Applying Lemma 12 to the image X := v d (V(W)) and noting that ^(Agd/^)) 



Ajy- , one obtains: 



det(T P(H0 ) v ®g*(det(T r{w) )) = A^!" (1 - rf)1 



This proves the following simple, but interesting, result: 
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Proposition 19. A regular real algebraic map g : ¥(W) — > ¥(W) of algebraic 
degree d is relatively orientable if and only if dim(W^(l — d) is even, and in this 
case it is canonically relatively oriented. 

In the case when dim(W)(l — d) is even, it is an interesting problem to determine 
the possible degrees of such regular real algebraic maps with respect to this canon- 
ical relative orientation. The case dim(M / ) = 2 is known by the work of Brockett 
(see [Se] p. 41 or |By| Theorem 2.1) and will be described in detail at the end of 
section 12.31 

2.3. Wall crossing jump. Suppose now that the condition in the third statement 
of Lemma [T2| is satisfied, and fix an isomorphism 

H : X x det(W0 -> det(T x ). 
We are interested in the map deg* : 7r (Hom(y, W) x ) -> Z defined by 

degX{f):=deg u{M ([f] x ) . 

Note that [/] can be written as the composition 

X ^ F(V) \ P(ker(/)) -> P(im(/)) ^ P(W) , 

where the central map is the projection of P(W) onto P(im(/)) with center P(ker(/)). 
In other words, we are interested in the variation of the degree of central projections 
P(V) D X —> ¥(W) when the projection varies. The first step is to determine the 
variation of deg^f ^([/Jx) as / varies on a curve which crosses the wall transver- 
sally at a regular point. 

Theorem 20. (Wall-crossing formula) Let fo £ W x be a regular point on the wall, 
put £ := £,f , N := N w o x fo , and let 

f=(fr)reN a :N ^Rom(V,W) 

be a smooth map such that the differential f*.o is a right splitting of the exact 
sequence 

-> T w o xJo -> T Houl(VtW)Jo = Hom(V r , W) -> N Q -> . 
Then for every sufficiently small r £ N \ {0} we have: 

(1) f T £ Hom(y, W)x and [fr]x * s o, local diffeomorphism at 

(2) deg K/T)M); £ o ([/ T ] x ) = sign(/x fo o (^/ (r))), 

(3) deg v{fT ^([f T ] x ) - deg I/(/ _ T)M)) ([/_ r ]x) = 2sign(^ 5o o (ipf (r))). 

Proof. (1) The fact that f T £ Hom(V, W) x for sufficiently small r £ N \ {0} 
follows directly from Proposition[lO]taking into account that the complement W x = 
Hom(V, W) \ Hom(F, W) x is a smooth hypersurface at f and the curve (f T ) TeN(l 
is transversal to this hypersurface at fo- In order to prove that [f T ]x is a local 
diffeomorphism at £o we use Remark[8j We have to show that ker(/ r ) n Y^ = {0}. 

Note that, in general, for two finite dimensional real vector spaces A, B of the 
same dimension the closed subset 

W(A,B) := {s £ Rom(A,B)\ ker(s)) ^ {0}} 

of Hom(^4, B) is a smooth hypersurface at any point Sq with dim(ker(s )) = 1, and 
the tangent space at such a point is 

T S0 W(A,B) = {a£ Rom(A,B)\ a(ker(s )) C s (A)} . 
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Therefore a tangent vector a £ T So (Hom(A, B)) is transversal to W(A,B) at so if 
and only if the linear map ker(so) — ► B/sq(A)) induced by c" |iccr (s ) ^ s an i somor ~ 
phism. 

Using this remark we see that the map f = (/ r ) T : N — > Kom(Y^ ,W) given 
by /t = /t|y 5o is transversal to yV(Y^ ,W) at f . Indeed, using the notations 
introduced in the proof of Proposition [10] the map 

ker/o = &— ►W// (y Co ) 

induced by f*,o( r ) is precisely -4/ (f*,o(''")) by definition of Af . On the other hand, 
since f*.o is a right inverse of the canonical projection Hom(V, W) — > Nq, we see 
that ^4/ (f*.o(' r )) = a f ( T )i which is nonzero for r £ Nq \ {0} because a/ D is an 
isomorphism by Proposition |10| 

(2) We suppose first that f is an affine map, so it has the form 

(17) U = fo + 0(r) , 

where <j> : Nq —> Hom(V, W) is a linear map (which coincides with the differential 
f*,o)- As we have seen in the proof of (1) our assumption about the differential f* ; o 
implies that </>(r) is a lift of r, so that a/ (r) = A/ (<^(r)). Therefore for t ^ the 
morphism 

«/o(r) = A fo (4>(r)) = 0(r)| ?o : £ -> W/f Q (Y So ) 
induced by <fi(r) is an isomorphism. For every r £ Nq \ {0} we obtain a direct sum 
decomposition 

(18) W = <Kr)(eo)©/o(>fo) > 

which is independent of r, since iVo is 1-dimensional. Now fix r € Nq \ {0}. We 
have an obvious commutative diagram with exact rows 

- Co n„ V£ ^ 



./VI 



Po + 0(t)o 



(19) ^(r),« 
T 

^ & ^ ^ — %r)(&) 

where 

Po : no/Co %( T )(Co) ' ^ : Y ^^° W U(t)(Zo) 
are the linear maps induced by /o, and 4>(t) respectively. Note that po is an 
isomorphism, because it can be written as a composition of isomorphisms: 

/o(n o ) -> W(r)«o) ■ 

The diagram ( 19 ) shows that 

(a) r/ T) £ = f>(r),£ for every sufficiently small t £ Nq \ {0}, 

(b) Pf T ,£ — Po + </>(t)o for every for every sufficiently small t £ Nq\ {0}. 

Using formula |l6| ) of Lemma 17 and taking into account ([a]), ([b]) we see that, 
via the canonical isomorphisms 

det(K Co ) =fo®det(y £o /£ ) , 
det(IU) = #t)(£ ) ® det(lU/0(r)(e o )) , 
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we have for every sufficiently small t E Nq \ {0} 

de Su(f T ,^U {[fr]x) = sign(M«o ° 0>(t),£o ® det (Po + 0O)o))) 
(20) = sign(pi Co o (r 0(rUo ® det(p ))) . 

For the last equality we used lim^oCPo + i0(T)o) = Po and the continuity of the 
determinant. Now we use the canonical isomorphism 

Wi 



V : /fo(Y 6o ) ® det (/o(n o )) -> det(W) 



and we apply Remark If to the subspaces A := </>(t)(£ ) (for t ^ 0), B := fo(Y^ ) 
of W. Therefore let 

a : *(t)(&) - ^/ /o(y&) , : /o^o) - % r)(&) 



be the isomorphisms associated with the direct sum decomposition (18 1. Using the 
second statement of Remark 11 we see that the equality (2.3) remains true if we 
replace r VoAo by 

W i 

aor <t>(ru & -> // (y £o ) . 

and po by 
But 

a ° r 0(r),?o = <?K r ) |co : & F «o/Co > P' 1 ° PO = fo ■ Y^o/to ~* /o(*£ ) • 

Therefore 

(21) deg v(f ^ Uo ([f T ] x ) = sign(^ o $( r ) [ & ® det(/ ))) Vr G iV \ {0} . 
Now recall that 0(r)|j o = a/ (r) and that 

a /o (r) <g> det(/ )) = u /o (a/ (r)) = </'/o( r ) 
by the definitions of it * and V'/o ■ This proves the claim in the case of an affine map f. 

In order to prove the statement for a general map f note that the space Tf a of 
maps f : No — > Hom(V, W) satisfying the hypotheses of the theorem is a closed 
affine subspace of the Frechet space C°°(No,Hom(V, W)). Fix a norm on the line 
Nq. For a bounded (with respect to the C°°-topology) subset K. C J-f we can find 
e > such that [f T ]x 1S defined and is a local diffeomorphism at £o f° r every f G K 
and every r G iVo \ {0} with ||r|| < e. This shows that the map 

f ^ de g*(/ r ,/i),&([/r]x) for sma11 r e \ {0} 
is locally constant on Tf . But this space is connected and contains affine maps. 

(3) Note first that it is sufficient to prove the claimed formula for a special map 
f : 7V — > Hom(V, W) satisfying the hypothesis of the theorem. This is the case 
since, for two such maps f, g, the points f(r), g(r) belong to the same chamber (see 
Definition 15) for any sufficiently small r G No \ {0}. 

We will construct a special map f : iVo — >• Hom(V, W) which satisfies the hypoth- 
esis of the theorem, is affine, and has the following remarkable property: 

P. There exists Co £ P(W) such that subspace L ■= / 1 ^ 1 (Co) * s independent of 
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r G No and V(Lq) is transversal to X at any intersection point. 

The existence of such a map solves our problem. Indeed, since X is compact and 
P(Lo) is transversal to X at any intersection point, the intersection F := P(Lo)dX 
is finite. By (1) we know that, for every sufficiently small r G No \ {0}, the map 
[Jt]x is defined on all of X. On the other hand our transversality condition implies 
that Co is a regular value of these maps. 

Taking r = in the first condition of P we see that Co G F. Applying Proposition 
|4] to [f T ]x for sufficiently small t £ No\ {0}, we obtain 

deg K/r , M) ([/r]x) = deg K/T!M))5o ([/ T ] x ) + ^ de gl/(/ ^ u ([/ T ]x) . 

CeniM 

Since the second term is obviously independent of r ^ we get 
deg I/(/T!/l) ([/r]x)-deg !/(/ _ T!M) ([/_ T ]x) = deg I/(/T)Al)!?0 ([/ T ]x)-deg !/(/ _ T ^ )i€o ([/_ T ]x) , 
so the result follows from (2). 

We conclude the proof of the theorem with the construction of an affine map 
f = (/ r )reAT which satisfies the hypothesis of the theorem and has the property P. 

Put Kq := ker(/o). Since /o is an epimorphism, we have dim(.Ko) = N — n and 
the space Ck of (N — n+ l)-dimcnsional linear subspaces L C V with Ko C L can 
be identified with F(W) via f Q . The subset 

Co :={Le£ Ko \ LnY io =£ } 

is non-empty and Zariski open, hence open and dense in Ck - Let Lq G Co an 
element which corresponds to a regular value Co of the projection 

[fo]x : X \ {Co} P(W) . 

The existence of such a point follows from Sard's theorem. 

Note that P(Lo) is transversal to X at any intersection point C G P(Lo) H X. 
Indeed, the condition L n Y^ = Co implies that P(L ) is transversal to X at Coj 
whereas the condition that Co = /o(^o) is a regular value of [fo]x '■ -^\{Co} — ^ P(W) 
implies that P(Lo) is transversal to X at any point C G P(L ) Hl \ {Co}- 

Therefore the obtained (TV — n + l)-dimensional subspace Lo has the properties: 

(a) K C L , 

(b) L n r 5o = Co, 

(c) P(Lo) is transversal to X at any intersection point. 

Now we choose a complement for each of the three inclusions in the chain 

Co C Ko C Lo C V . 

Let Uo be an arbitrary complement of Co i n Kq, ^o & n arbitrary complement of 
Ko in Lq, and Mo a complement of Lo in V which is contained in Y^ . The latter 
complement exists, because by ([b]) any complement of Co in Y^ is also a complement 
of £o in V. 

We have dim(£/ ) = N — n— 1, dim(Z ) = 1, dim(M ) = n - 1. The sum Z + M 
is a complement of -Ko in V , hence /o induces an isomorphism ^o + Mo — > W . We 
obtain an induced internal direct sum decomposition of W = Co © Wo with 

Co := /o(Jo) = ML) , Wo := / (M ) = /o(^ ) ■ 
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With respect to the internal direct sum decompositions 

V = Co © U Q © l © M , W = ( ®W 
the map fo is given by a matrix of the form 

(0 50 0\ 

^ooo /i y ' 

where go ■ h ^ Co, ho ■ M — > Wo are the isomorphisms induced by fo- We denote 
by r T : Co Co the morphism defined as the image of r under the composition 

No Hom(Co, W/f (Y Co ) = Hom(Co, W/Wq) ^ Hom(£ , Co) , 

and we define 

f fr T g 0\ 
/r " ^ ho) ' 

The map f = (/ T ) T : -No — ^ Hom(V, W) is affine and satisfies the hypothesis of 
the theorem (because Af o f* coincides with a/ by definition of r T ). Moreover, 
since ho is an isomorphism, for every r G Nq the subspace Z" 1 (Co) coincides with 
i - Taking into account |b| we see that f satisfies property P, which concludes the 
proof. 




Corollary 21. Let fo G Wx be a regular point on the wall and let 

y={gt) f :(-e,e)->Eom(V,W) 

be a smooth path such that 7(0) = fo and the image [7(0)] of the velocity vector in 
Nw%,fo * s n on-zero. Then for every sufficiently small t G (— e,e) \ {0} we have: 

(1) gt G HoTa(V,W)x and [gt]x is a local diffeomorphism at C/ , 

(%) de &u( gt ^u ([9t]x) = sign(t)sign(Mio ° (ipf o ([y(0)])))> 

(3) deg v{gt ll) ([g t }x) - deg 1/(ff _ t)M)) (|>_t]x) = 2sign(f)sign(^ 5o o (^([7(0)]))). 
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Proof. We may suppose that 7 is given by gt = ftr , where tq G Ny^o j \ {0} and 
f : N w o j a — > Hom(F, W) is a map satisfying the hypothesis of Theorem 



20 



This implies the following general difference formula for paths which cross the 
wall transversally in regular points: 

Theorem 22. (difference formula) Let 7 : [0,1] = (gt)te[o.i] ■ [0,1] — > Hom(V, W) 
be a smooth path such that 

(1) g , 9l eKom(V,W) x , 

(2) im(7) intersects the wall Wx only in regular points, 

(3) 7 is transversal to W x . 

Let 7 _1 (Wx) = {ti, ■ ■ ■ ! tk}- Then one has 

k 

deg„ (gi!Al) (Mx) - deg 1/(90iju) ([5o]x) = 2 53 sign ^«« < (^(frfo)])) > 
where [j(ti)] denotes the projection of the velocity vector j(ti) to the normal line 

Proof. Suppose t\ < • • • < tk- The map t i-> deg^^ ^QgtJx) is well defined and 
constant on each of the intervals 

[0,ti) , (ti,t 2 ) (t*-i,tfc) , (tfc.l] • 



The jumps are given by Corollary 21 



We will now prove that any two points /o, /1 € Hom(V r , IV )x can be connected 
by a path intersecting the wall transversally in finitely many regular points. This 
result, which has important consequences, is based on the following 

Theorem 23. The irregular locus Bx = Wx \ VVx is closed and the complement 
Hom(V, W) \ Bx is connected. 

Proof. We shall identify Bx with the union of the images of two smooth proper 
maps 

q x : Jx -> Hom(V, W) , r x ■ V x -> Rom(V, W) 
of index -2, n — N — 1 respectively. Then the result follows from Lemma 5.7 in |Te| . 

Denote by A the diagonal of the product X x X and consider the real blow up 
X x X& of X x X along A (see |Wh] section 3, and [Po| section 4 for a similar 
construction). Set theoretically one has 

fxI A = {(X xX)\ A}UP(JV A ) = {(X x X)\A}U¥(T X ) = 

{(XxX)\A}uP(Y x /(Xv\x)) ■ 
Therefore a point £ € P(A^a) above a diagonal point (£,£) G A defines a plane 
C Y% containing ^. We have a natural smooth map 

tl) : fxl A -> G 2 (V) 

defined in the following way: 

/ ^ + '7 when ( = (^)e(IxI)\A, 
mj ' \ tt c when C e P(A^a) ■ 
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We define 

Jx := {(/, K, C) G Hom(V, W) x G N _ n (V) x x7~X A \ ^{Q cKc ker(/)} . 

This space has a natural structure of a vector bundle of rank n 2 over the incidence 
variety 

Xx = {((,K) G x7~X A x G N - n (V)\ C K} . 

The variety Xx is a locally trivial fibre bundle over X x X & with n(N — n — 
2)-dimensional fibre, hence smooth of dimension nN — n 2 — 2. This shows that 
dim(Jx) — nN — 2, so the rank of projection qx ■ Jx — > Hom(V, W) is -2. 
Put now 

V x := {(/,£,£) G Hom(V,W0 x Gjv-„+i(y) xl|(clc kcr(/)} . 

has a natural structure of a (N + l)(n — l)-dimensional manifold, because it 
is a rank (n — l)n vector bundle over a n — 1 + (n — l)(N — n) dimensional basis. 
Let rx : T>x — > Hom(V, W) be the projection on the first factor. This is a smooth 
proper map of index n — N — 1 < —2. On the other hand, taking into account 
Definition H] we see that 

B x = qx{Jx)+r x (Dx) , 

hence 

Rom(V, W)\B X = (Hbm(V, W) \ qx(Jx)) \ r x {V x \ r x l {qx0x)) ■ 
Applying now Lemma 5.7 in |Tej to the proper morphisms 

qx , rx\ VxV -i { q x{ j x)) ■■Vx\r x 1 (q x (Jx))^ (Rom(V, W) \ q x (Jx)) 

we see that the natural maps 

7T (Hom(V, W) \ qx(Jx), fo) -> 7r (Hom(F, W),f ) , 

vr (Hom(T/, W) \ B X) fo) -> 7r (Hom(V, W) \ qx(Jx), fo) 
are bijections, so that Hom(V, W) \ Bx is connected, as claimed. ■ 

Corollary 24. Any pair (fo, f\) S Hom(V, W)x x Hom(V, W)x can be connected 
by a smooth path 7 : [0, 1] — > Hom(V, W) which intersects the wall Wx in finitely 
many regular points, all intersection points being transversal. 

Proof. Since Hom(y, W) \ Bx is connected, the pair (/□, /1) can be connected by 
a smooth path a : [0, 1] — > Hom(V, W) which intersects the wall only in regular 
points. Using a well-known transversality principle (see [DoK] p. 143) we find 
small perturbations of a which coincide with a on a neighbourhood of {0, 1} and 
are transversal to the map W x ^ Hom(V, W). ■ 

Therefore Corollary [24] states that the difference 

deg^^d/ilx) - deg„ (/oi|t) ([/o]x) 

can always be computed using such a path from fo to f\ and the difference for- 
mula given by Corollary [22] Combining with Remark [18] one obtains the following 
important general property of the degree map degjf : 7r (Hom(V, W) \ Wx) — > Z: 

Corollary 25. Let fi : X x det(V4 7 ) — > det(Yy) be an orientation parameter. Then: 
(1) All values of the degree map deg^ : 7To(Hom(V, W) \ Wx) — > Z are congru- 
ent modulo 2. 
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(2) If a £ im(deg M ), then any integer c with — \a\ < c < \a\ which has the same 
parity as a also belongs to im(deg^). 

Proof. The first statement follows directly from the difference formula. For the 
second statement use Corollary [24] and take into account that 

• the jump when crossing the wall transversally at a regular point is ±2, 

• the image of deg* is invariant under the involution — idz, by Remark 
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2.4. Examples. 

2.4.1. Projecting a hyperquadric. Let X be the hyperquadric of Pg (n > 2) defined 
by the equation x\ — X)"=i x i = Dchomogenizing with respect to xg one gets 
an obvious identification X — S" 1 ^ 1 . The relative orientability condition is always 
satisfied (it is obvious for n > 3 by Remark [3]). 
Consider the two projections 

[f Q ] : P" \ {[1,0, ...,0]} -> P"- 1 , [fi] : P" \ {[0,0, ...,1]} -> P"" 1 

given by 

L/o](M) : = i x l> ■•■,Xn] , [/i](N) := [xo, ■ ■ -,X n -i] . 
Via the obvious identification X = S n_1 , the first map is just the canonical pro- 
jection S""- 1 -» P"" 1 . The degrees of the the restrictions [f ] x : X P™" 1 , 
[fi]x '■ X — > P' i_1 with respect to a suitable choice of the trivialization \i are 

deg„ (p0i/1 )([/o]x) = 2 , deg I/(pii(tl) ([/ 1 ] x ) = . 




The picture above shows an interesting phenomenon: the projection [fi]x, which 
has degree 0, has some fibres consisting of two points, which however come with 
opposite signs. For instance, the intersection of X with the line connecting zq and 
z\ consists of two points, which come with the same sign when considered as ele- 
ments in the fibre of [fo]x, but with opposite signs when considered as elements in 
the fibre of [/i]x- 
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2.4.2. Degree of rational functions. Let rF* be the space of pairs of monic polyno- 
mals (p, q) with real coefficients of degree n with no common factor. Writing 



n-l 



P (t) = t n + j2 a ^ > «w = p(*) = t n + E w 



i=0 



we see that rF* can be identified with the Zariski open subset of M. 2n defined by 
the condition Res(p, q) ^ 0. 

A pair (p, q) £ j^F* defines a rational function 



f Pq (t) = 



hence rF* can be identified with the space of rational functions of degree n sending 
oo to 1. Such a rational function f vq has an extension F pq : Pj^ — ► Pjjj. Taking 
the homogenizations P G R[io)ii]ni Q £ M.[to,t±] n we see that F pq is given in 
homogeneous coordinates by 

F pq {t M) ■= [P(t 0) ti),Q(to,ti)] • 

The set of possible degrees deg(F pg ) when (p, q) varies in the space rF* is known. 
The result is given by Brockett Theorem (see [Se] p. 41 or |By| Theorem 2.1). 

Theorem 26. The space rF* has n + 1 connected components rF*^, where 

u + v = n , u > , v > 

and a pair (p, q) £ rF* belongs to rF*^ if and only if deg(F pq ) — - u — v. 

Therefore the set of possible degrees is —n, —n + 2, . . . , n — 2, n. Note that the 
degree of the map F^ q : P^. — >; P^ defined by a pair (p, q) e K F* is always n. We 
see that in this case all values of the real degree allowed by the general estimates 
and congruences in Proposition [5] can occur. 

The pair of polynomials corresponding to the rational function 



v « 

' t + 1 t — i 

i=l 3=1 J 



is an element of rF* v . 

Note that the map F pq associated with a pair (p, q) £ rF* can be identified with 
the composition [rr pq } o v n , where v n : Pg — > PJJ is the Veronese map of degree n, 
and 7r pg : M. n+1 —> M 2 is the projection defined by (P, Q). Therefore the theorem of 
Brockett identifies n + 1 chambers in the complement 

Hom(R" +1 ,M 2 )^ (P i) =Hom(M" +1 ,IR 2 )\ W„„ (P i) . 



3. Examples 

3.1. Conjugation manifolds. Let (X, r) a topological space endowed with an 
involution such that H odd (X, Z 2 ) = 0. We recall from [HHP] that a cohomology 
frame for (X, r) is a pair (/€, cr), where 

(1) k : H 2 *(X 7 Z 2 ) — ► -ff*(X T ,Z 2 ) is a group isomorphism. 

(2) a : i? 2 *(X, Z 2 ) — > H%*(X, Z 2 ) is a group morphism which is a section of 
the restriction map p : H%*(X, Z 2 ) -» H 2 *(X, Z 2 ), 
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such that the following conjugation equation holds: 



Here r denotes the restriction map H^(X, Z2) — > H^ 2 (X T , Z2) = H*(X, Z2)[u], 
and q(a) is an element in H* (X, Z2) [u] whose degree with respect to u is smaller 
than m. 

If a cohomology frame for (X, r) exists, then it is unique, natural with respect 
to equivariant maps, and k, a are automatically ring isomorphisms (not only group 
isomorphisms). 

A Z2-space (X, r) which admits a cohomology frame is called conjugation space. 
Examples of conjugation spaces are: all complex Grassmann manifolds (with the 
standard Real structure), all toric manifolds (with their standard Real structure). 

Let now (X, r) be a paracompact conjugation space with cohomology frame 
(k, u), and let (E,f) a Real complex vector bundle on X. Denote by c(E) the 



image of the total Chern class c(E) in H*(X, Z2). Then k(c(E)) = w(E T ) (see 
HHP p. 950). 



Proposition 27. Let {X, t), (Y, l) be Real complex manifolds which are conjugation 
spaces with respect to their real structures, and let f : X — > Y be a Real holomorphic 
map. Then f is relatively orientable if and only if f* (ci(Y)) = c\{X) mod 2. 

Proof. One has 



f(Ry Wl (T Y(m ) = /(K.)* (hyC\{Ty)) = K X {f* (ci(?V))) = k x ( Ci (T x ) = Wl (T x(R) ), 



where (kx,&x), {ky,&y) are the cohomology frames of (X,t) and (Y,l) respec- 
tively, Tx, Ty the two tangent bundles regarded as complex vector bundles, -X"(M), 
Y(R) the fixed point loci, and f(R) the map X(M) -> Y(R) induced by /. It suffices 



3.2. Pliicker embeddings of real Grassmann manifolds. Let Vq be real vector 
space of dimension p + q, G q (Vo) the Grassmann manifold of g-planes in Vq. Take 
V = A 9 Vb and let X be the image of the Pliicker embedding PI : G q (V~o) — > 
P(V). Denoting by U the tautological rank q bundle on G q (Vo) we have a natural 
identification Tc q (v ) — Hom(t7, V Q /U), which shows that 



On the other hand it is well-known that PI* (Ay) = det(Z7). In our case we have 
n = m + l=pq+l. Since on any Grassmann manifold one has wi(U) 7^ 0, we have 

Corollary 28. A map [f]x ■ Pl(G q (Va)) — > P(W) associated with a linear map 
f e Hom(A 9 (V ), W) satisfying kcr(/) n Pl(G q (V )) — is relatively orientable if 
and only if pq + 1 = p + q (mod 2), i.e., iff p and q are not both even. 

Consider now the special case when Vq — S p+c1 ~ 1 Wq , where Wq = M 2 , and take 
W := S p<1 Wq . This special case is important because we have a standard linear 
epimorphism 



^w,-, : A«(5P + «- 1 VF v ) -> S^W^ , if^ oa UFi A • • • A F q ) := W(F 1 , ...,F q ), 



r o a (a) 



n(a)u m + q(a) Va G H 2m (X,Z 2 ) . 



to apply Remark [2j 



w 1 (G q (V )) = (pq + l)w!(U) . 



where 



(WoW -> s pq w ( 



v 
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|deg|[^ v 



denotes the homogeneous Wronskian. Alternatively, y W ronski can be defined as the 
composition of the standard isomorphism 

A 9 (S p+ ' ! ~ 1 Wq) -=> S q (S p W^) 

with the natural projection S q {S p W^) S pq W^ (see [AC] ). 

Up to a constant factor the map y WronBki can also be obtained using the inhomo- 
geneous Wronskian 

to : (]R[s]< p+(; _i) 9 ->R[s]< p , , 

via the obvious identifications R[s]<fc ~ S' fc (W / v ') (see |ACj section 2.8). With this 
remark the results of [EGlj (where the inhomogeneous Wronskian is used) apply. 
First, it is well known that P(ker(< y £> Wronski )) n G q {S p+q " 1 W V ) = 0, so we have a 
well-defined projection 

for which the degree is known (see |EG1| ). 

When p and q are not both even, then [y Wr<M1Bk (] is relatively orientable and: 

if p, q are both odd 
I(j>, q) if p + q is odd . 

Here /(■, •) is symmetric, and for 2 < p < q the integer I(p, q) is given by: 

l!2!---(p-l)!(g-l)!(g-2)!---(g-(p-l))!(^)! 

{q-p + 2)\{q-p + A)\---{q + p-2)\{^)\{ q ^)\---{ q + p ^)\ ' 

Remark 29. Using the first formula in Lemma [7^| and Lemma 15 in |OT2j one 

obtains a canonical isomorphism 

det ( T pi(G q (Sp+i- 1 w^))) ® [/]*(det(T P(SP5 r lv v ) ) = 

[det(W yf SL3=mS ^ al ® [de^T^ 9 ^ , 
/or any / £ Hom(A«(S p+ «- 1 W v ), S P «W V ) uwtft P(ker(/)) n Pl(G q (S p+q - 1 W^)) = 
0. T/iis shows that [f]pi(G q (Sp+i- 1 w^)) * s canonically relatively oriented if and only 
if either p, q £ 2N + 1, or p € 2N + 1 and q € 4N, or p £ 2N and q G 4N + 1. 

Therefore, if the pair (p, q) satisfies one of these three conditions then, for any 
regular value [P] £ W(S pq Wo) of the Wronski map [^ w ,o ra ki], one can associate an 
intrinsic sign to any element in the fibre [9s W ronski] _1 ([-P]) (without having to orient 
the plane Wo). It would be interesting to have a geometric interpretation of these 
intrinsic signs. 

3.3. Universal pole placement map. Let Wo be a real plane, F the trivial 
bundle P(Wo) x Vq on the projective line P(Wo) with fibre a p+q dimensional vector 
space Vo. For vel denote by Quotp^^Vg) the quot space of equivalence classes 
of quotients s : U — > Q of with rk(ker(s)) = p and det(ker(s)) ~ ®w(w )(~ v )- 
Every such quotient s defines an element QPl(s) £ P(A p Vo<8>S"'Wq / ) by the formula 

QPl(s) := [A p k s ] . 

Here k s £ Hom(ker(s), Vq) denotes the embedding of ker(s) in V_ , and 

A p k s £ ff°(Hom(A p ker(s), A P V )) = H Q {A P V Q <g> (A p ker(s)) v ) 

is the p-th exterior power of k s . Since det(ker(s)) v ~ PpfWbjM) the section A p k s 
of A p V <g> {A p ker(s)) v defines an element of H°{A p V_ {v)) = A P V ® S" , which 
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is well defined up to multiplication with a non-vanishing scalar. Recall that we 
have a perfect paring A q Vo x A p Vq — > det Vo, which induces an isomorphism 

A p V a -> (A q V ) v ®det(V ) = Hom(A 9 V r , det(Vb)) • 

Therefore the element QPl(s) — [A p k s ] can be regarded as an element of 

P(Hom(A 9 Vo, S v Wtf <g> det(V ))) = P(Hom(A 9 Vb, S V W%)) 

as claimed. Note that in general the map 

QPl : Quot^ o) (Z ) P(Hom(A«V , STW^)) 

is not an embedding. 

A quotient [s] g Quotw^^V^) defines a central projection 

: P(A<%) \ P(ker(A p fc,)) -> P(S ,tf W v ) . 
Since P(A 9 Vo) contains the image of the Pliicker embedding 

Pl:G q (V )^¥(A q V ) , 
it is interesting to study the composition 

0[.] := ° « : G 9 (^o) \ P(ker(A" k a )) -> P(5"W V ) 
associated with an element [s] e Quotp^^Vjj). When v — pq we can ask if this 
projection is defined on the all of G q {Vo), and when p and g are not both even, so 
that cf>[ s ] is relatively orientable, one can also ask for the degree. 

Remark 30. Consider the special case where Vo = S p+(I ~ 1 Wq and Wo = M 2 . It 
seems to be well known |EG3j that in this case there exists an element 

such that 

^[sw„„ Bkl ] = [<Pwt<m*kl] 

is the Wronski projection introduced in section \3.S\ 

Note that the chamber structure of Hom(A 9 Vo, S pq Wg) G n/ s induces a chamber 
structure on the complement 

Quot^ o) (Z ) \ QPi- 1 (¥(w Gq(Vo) )) 

of the pull-back of the projectivized wall P(Wg.(v ))) via QPl- 

The image </> [a] (U) <= ¥{S pq W v ) of a g-plane U € G q (V ) \ P(ker(A p fc s )) can be 
explicitly described as follows: Denote by ju : U — > V_ Q the obvious embedding 
of the trivial rank g-bundlc U := P(W ) X U in V , and by p v : V — > V /U 
the projection onto the quotient bundle. The determinant det(p;y k s ) of the 
composition pu°k s : ker(s) — > V_ a /U_ can be regarded as an element of A p (Vo/U) ® 
S p<! Wq . If this element is non-zero it defines an element 

PP[s](U) e ¥(A p (Vo/U) ® S pq W^) = ¥{S pq W^) , 

called the pole placement of [s] € Quotp^^(V ) at U € G 9 (Vb)). On the other 
hand, one can easily prove that det(p(j o k s ) is non-zero if and only if </>[ s ] is defined 
at U. 

Lemma 31. When 0r s i is defined at U , one has 
(22) ^ [S] ([/)=PP[ S ](C/) . 
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Proof. Consider the rank p vector bundle K s on P(Wo) associated with the sheaf 
ker(s), choose x £ P(Wq) an d vectors l-y, . . . , l p £ K s x . Let (vi, . . . , v p , v p+ i, . . . v p+q ) 
be a basis of Vo such that (v p+ i, . . . , v p+q ) is a basis of U. Let U := (vi, . . . , v p ) 
and k s the composition of k s with the projection on U . Regarding A p k s as an 
element in 

H (F(W ),Hom(det(K s ),Hom(A q Vo,det(V ))) = Hom(A 9 Vb, A p+q V ) ® S V W%) 
we have 

(A p k s )(h A • • • A Z p )(u p+ i A • • • A n p+q ) = k s (h) A • • • A k s (l p ) A w p+ i A • • • A w p+9 = 
= k s (h)A- ■ ■Ak s (l p )Av p+ iA- ■ -Av p+q = [dct(p u ok s )(l 1 A- ■ ■ Al p )]®(v p+ i A- ■ -Av p+q ) , 

where in the last equality we have used the canonical isomorphism det(Vo) = 
det(Vb/C/) <E> det(£7). Therefore one obtains the following equality in the space 
S"W% <g> det(Vo) 

A p k s (v p+ i A • • • A v p+q ) = dct(p[/ o k s ) (v p+1 A • • • A v p+q ) , 

which shows that A p k s (v p+ i A ■ ■ ■ A v p+q ) and det(pu o k s ) define the same element 
in P(S"W V ). ■ 

For a quotient [s] £ Quotp'^^ (V Q ) the assigment U i-> PP[s](t/) defines a 
rational map G g (Vb) — » P(S P< W V )- We denote by Rat(Gg(Vb) ) P(5'^W v )) the 
set of such rational maps. Letting [s] vary in Quotp'^^Q^o) we obtain a map 

PP : Quot^ o) Rat(G g (K)),P(^0) , 

which we call the universal pole placement map. Lemma[3l]shows that the following 
diagram is commutative: 

QPl 

Quot^ o) (F ) ^ P(Hom(A^ ,^^ v )) 

PP 

PI* 



Rat(G 9 (Vo),P(^W v )) 

3.4. A real subspace problem. Let Wo, Vo be real vector spaces of dimensions 
2 and p + q respectively. We denote by S'q 9 (P(1^ 7 o)) the subset of elements s in the 
symmetric power S pq (¥(Wo)) consisting of pairwise distinct points. 

Subspace problem: Fix a regular algebraic map 7 : P(Wo) — > G p (Vo) of al- 
gebraic degree pq, and an element s £ S'g' 3 (P(Wo)). Count the g-dimensional linear 
subspaces U C Vo such that 

P(£/)nP( 7 (£))^0 V£es . (5 7)S ) 



We will show that this problem has an interesting interpretation which, for gen- 
eral s £ S pq (P(W )), allows one to associate a sign to every g-dimensional subspace 
U satisfying the condition (5 7)S ) and to compute the total number of solutions of 
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(S-y. s ) when these signs are taken into account. Indeed, for any regular algebraic 
map 7 : P(W ) — > G p (V ) there exists a bundle epimorphism 

s 7 : Y_ -> Q 7 

classifying 7, i.e., such that 

7 (0 = ker(s 7 , 4 ) V£ e P(W ) • 
The equivalence class [s 7 ] € Quotpj^^V^,) is well defined, and the assigment 
7 1 y [s 7 ] defines an embedding 

Mor"(P(Wo),G p (Vo)) -»• Quot^ o) (Z ) , 

where Mor p<? (P(Wo), G p (Vb)) is the space of regular algebraic morphisms P(Wo) — > 
Gp(Vo) of algebraic degree pg. Consider the pole placement map 0[ g ] ■ G q (Vo) — > 
P(S pg Wo / ) corresponding to the quotient [s 7 ]. 

Let P s g M[VKo]pg = 5 P9 Wq / be a homogeneous polynomial of degree pq on Wq 
whose set of roots coincides with s. This polynomial is determined by s up to 
multiplication by a non- vanishing constant. 

Lemma 32. The set of solutions of the problem (S 7iS ) can be identified with the 
fibre <p[ Sy ] over [P s ]: 

4>[.l ] ([P.]) = {ueG q (y )\ P(f/)nP( 7 (O)^0 V£g S } . 

Proof. Indeed, using the definition of (j)[ s ] , it follows that for any U g G q (Vo) the set 
of zeros of a polynomial Pjj g R[Wo] pq representing </>[ s ]({/) g P(S pq Wq) coincides 
with the set of points £ g P(Wo) for which det(pu o fe s g) 7^ 0, i.e., with the set of 
points £ g P(Wo) for which j(x)(lU ^ {0}. If the latter set is s (which has maximal 
cardinal pq) this condition is equivalent to [Pu] = [Ps]- Therefore <j>[ s ^]{U) = [P s ] 
if and only if U satisfies the condition (S 7tS ). ■ 

Corollary 33. Suppose that p and q are not both even and let 7 : P(Wo) — > G p (V a ) 
be a regular algebraic map of algebraic degree pq such that 

[s 7 ] g Quot^ o) (Z ) \ QPl-\nWG q{ v ))) ■ 

Then the pole placement map <j)[ s ^ : G q (Vo) —> P(S pq Wq) is well defined. Choose a 
relative orientation v of '<t>[ s ]■ There exists an open dense subset © 7 C Sq 9 (P(W )) 
such that for any s g 6 7 one has 

£ u.v = deg I/ (</> [s7 ]) . 

U solves (S 7 ,») 

Proof. The map s ^ [P s ] identifies S pq (P(W )) with an open subset of K[W ] P9 = 
Sp^Wq . It suffices to apply Sard theorem to the map 4>[ s ^\ and to take into account 
that the set of regular values of a proper smooth map is always open. ■ 
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